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Fig. 6. A type 1 cell in a general network.

q (X1xX2,v**,a, * *,xk a -a)1. But this means C need not realize

a = h (xi,xj), which it would if C were universal. Further, by [5,
Lemma 3] No also realizes g(x1,x2 ,* *,a, * * ,xk la o 1) and

g(X1,X2, -'. ,a, * ,xk 1a -O) and so C need not realize either of

the two functions a = 0 or a = 1. Therefore, C need realize only
seven functions for the entire network to be complete.

In a similar fashion, No, if it contains two or more cells, it can
be decomposed into a Type 1 cell which can be restricted to re-
alize seven functions without affecting completeness. This con-
tinues until No is the output cell. In this case, no restriction is
possible since No must be complete. Thus, the output cell is
universal. This result can be stated as follows.
Theorem 1: Completeness in a network of two input-one

output cells is preserved if the output cell is universal and all
other cells realize the seven functions c = (a * b)*, (a - b)*, (a * b)*,
(a - b)*, (a ED b)*, a*, and b*, where c is the cell output and a and
b are the cell inputs.

Since there can be no more functions realized than the number
of elementary assignments in a complete network we have Cor-
ollary 3.

Corollary 3: An upper bound on the number of functions re-
alized by a network of c two input-one output cells is 16 - 7c-1.

V. SUMMARY

It has been shown that all functions realized by a redundant
or irredundant disjunctive network of universal cells can be re-
alized by a network of identical structure in which the cells realize
only a subset of the 16 functions on the two-input variables.
Considering only the functions realized by an irredundant
disjunctive network which depend on all inputs, it has been
shown that there exists a network of identical structure which
realizes exactly these functions. The latter network has the ad-
ditional property that each elementary assignment results in a

distinct function.
Since any general network can be decomposed into an inter-

connection of disjunctive networks, the restriction for disjunctive
networks can be applied to general networks. However, another
restriction is shown which is more optimum in certain networks.
This restriction guarantees a complete general network in which
the output cell is universal and all other cells realize seven
functions. From this result, it can be concluded that the number
of functions realized by any network of c cells is at most 16-
7c-1.

REFERENCES

[1] K. K. Maitra, "Cascaded switching networks of two-input flexible
cells," IRE Trans. Electron. Comput., vol. EC-11, pp. 136-143, Apr.
1962.

[2] S. Y. Levy, R. 0. Winder, and T. H. Mott, Jr., "A note on tributary
switching networks," IEEE Trans. Electron. Comput., vol. EC-13,
pp. 148-151, Apr. 1964.

g(x1,X2, -.. ,a, ... ,xk Ia b) denotes the function g(x 1,x2, ***-a,
,Xk) in which every occurrence of a is replaced by b.

[3] A Marouka and N. Honda, "Logical networks of flexible cells," IEEE
Trans. Comput., vol. C-22, pp. 347-358, Apr. 1973.

[4] --, "The range of flexibility of tree networks," IEEE Trans.
Comput., vol. C-24, pp. 9-28, Jan. 1975.

[5] J. T. Butler and K. J. Breeding, "Some characteristics of universal
cell nets," IEEE Trans. Comput., vol. C-22, pp. 897-903, Oct.
1973.

[6] K. Chakrabarti and D. Kolp, "Fan-in constrained tree networks of
flexible cells," IEEE Trans. Comput., vol. C-23, pp. 1238-1249, Dec.
1974.

[7] R. H. Urbano, "Structure and function in polyfunctional nets," IEEE
Trans. Comput., vol. C-17, pp. 152-173, Feb. 1968.

[8] R. C. Minnick, "Cutpoint cellular logic," IEEE Trans. Electron.
Comput., vol. EC-13, pp. 685-698, Dec. 1964.

[9] J. T. Butler, "On the number of functions realized by cascades and
disjunctive networks," IEEE Trans. Comput., vol. C-24, pp. 681-690,
July 1975.

Unified Matrix Treatment of the Fast Walsh-Hadamard
Transform

BERNARD J. FINO AND V. RALPH ALGAZI

Abstract-A unified matrix treatment is presented for the var-
ious orderings of the Walsh-Hadamard (WH) functions using a
general framework. This approach clarifies the different defini-
tions of the WH matrix, the various fast algorithms and the reor-
derings of the WH functions.

Index Terms-Fast Walsh-Hadamard transform (WHT),
Hadamard matrices, Kronecker product of matrices, recursive
matrix factorization, sequency reordering, unitary matrices, Walsh
functions.

INTRODUCTION

Over the years, there have been a number of definitions of the
Walsh-Hadamard transform (WHT) and a number of different
organizations of its fast algorithm. This profusion is rather con-
fusing and has lead to several names for one algorithm, to redis-
coveries, and has probably restrained many searchers from using
this interesting transform. In this correspondence we present a
unified treatment of the WH functions which provides all the
properties of interest within the same framework. Since most (if
not all) applications use the discrete and finite version of the
WHT, matrix formulations seem quite appropriate. Unfortu-
nately, many results of interest are not available so far in matrix
notation and/or are scattered in numerous publications. In this
note we suggest the systematic use of matrix notation and we
present matrix definitions for different orderings of the WH
functions. We deduce, by simple matrix manipulations, various
algorithms for the computation of the WHT and also various
reordering schemes. Most results in this note are available in
previous publications with different notation. An extensive
bibliography can be found in [1].

After recalling the main properties of a Kronecker product, we
define recursively and independently the WH matrices in the
three most common orderings. This matrix approach allows us
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CORRESPONDENCE

to formalize the relations between the WH matrices and deduce
different fast algorithms for the computation of the WHT.

MATRIX KRONECKER PRODUCT

The Kronecker product of two matrices plays a key role in the
definition of WH matrices. It has been defined for example in [2].
We prefer the following simple definition. The Kronecker
product of the square matrices [A] of order n and [B] of order m
is the matrix [C] of order mn such that

[C] = [A]o [B] with Cij = Auu,Bww (1)

where
i = um+w u,u'= -...,n-1

and
u

,
j = urm + w'

[Hh(n)] = [H2] o [Hh(n - 1)], (5)

in which [Hh(n)] is the WH matrix of order 2n in natural
order.

This simplicity explains the structural interest of this ordering.
From (5) and (3) we have also

[Hh(n)] = [P]t[[Hh (n - 1)] 0 [H2]][P], (6)
where [P] denotes, here and in the following, the matrix
[P2,2n-1] .

2) Paley's Ordering: Used originally by Paley [6], it has been
preferred in mathematical developments. The recursive relations
introduced by Yuen [12] are expressed by the recursive matrix
relation:

[Hp(n)] = [[H2] o [Hp(n - 1)]][P]t. (7)
Thus, each element AUU' of matrix [A] is replaced in C by the
product AUU' [B].

If [A] and [B] are unitary matrices, [C] is also unitary and can
be factorized into

[C] = [Pnm]t[diag[A]][Pnm][diag[B]], (2)
where [Pnm] is a perfect shuffle' (Pnm)ki = bvw6zu with k = vn +
z, i = um + w,6 the Kronecker delta, and

[Al
[Al

rn j

= [IIIJ [A]

Using again the symmetry property of the WH matrices, we have
also

[Hp(n)] = [P] [[H2] o [Hp (n - 1)]],
[Hp (n)] = [[Hp (n - 1)] 0 [H2]] [P],
[Hp(n)].= [P]t[[Hp(n - 1)] 0 [H2]].

(8)
(9)

(10)

3) Sequency Ordering: Used originally by Walsh [7], it is the
most popular in signal theory because it ranks the transform
coefficients roughly according to their variances for signal sta-
tistics commonly encountered in practice, and because of the
analogies with the frequency ordering of the Fourier functions.
The recursive relations already in Walsh's original paper can be
expressed by a simple matrix operator as in [8] or by the recursive
matrix relation

where [Im] is the identity matrix of order m.

The Kronecker product matrix [C] defined has a fast algorithm
as shown in Fig. 1 which can be computed "in place."
Some properties of the Kronecker product are of interest:

a) [C]t = [Pnm]t[[B]t 0 [A]t][Pnm] (3)

obtained by transposing (2) and using [Pnm] [Pnm]t = [Imm.
Note that if [C] is a real unitary matrix [C]-1 = [C]t and [C]t

has a fast "in place" algorithm still given by Fig. 1 but with data
flow from right to left:

b) [[A,][A2]] 0 [[B,] [B2]]
= [[Al] 0 [Im]][[A2] 0 [B1]][[In] [B2]]. (4)

RECURSIVE DEFINITION OF WH MATRICES

Three distinct orderings of rows ofWH matrices are commonly
used (see for example the discussions in [4] and [5]). A remarkable
property of the corresponding WH matrices is that they are

symmetric in each ordering. For each ordering there exists a re-
cursive matrix definition, starting from theWH matrix of order
2:

[H21 4[g-

Following, the notation of [5] we have:
1) Natural Ordering: It is well known that WH matrices in

"natural" ordering are obtained by the simple recursive rela-
tion

[Hw (n)] = [diag[R]] [P] [[H2] [Hw (n-1)]]

with
[1 0 0 0

[RI]= ° 1 0 0.

O 0 1
00 1 0

And by symmetry we have also:

[Hw(n)] = [[H2] 0 [Hw(n - 1)]][P]t[diag[R]],

[Hw(n)] = [P]t[[Hw(n - 1)] 0 [H2][diag[R]],

[Hw(n)] = [diag[R]][[HW(n - 1)] 0 [H2]][P].

(11)

(12)

(13)

(14)

GLOBAL DEFINITIONS AND REORDERINGS

By solving the previous recursive equations we obtain global
definitions of the WH matrices.

1) Natural Ordering:

[Hh(n)]=[H2= (15)

where on indicates n successive Kronecker products. The sim-
plicity of this relation and the corresponding fast algorithm has
motivated to compute always the transform coefficients in nat-
ural order and then to "unscramble" them into the desired or-
dering.

2) Paley's Ordering: From (7) and (4) we see that

[Hp (n)] = [H2]®n[BR] (16)

with

1 The perfect shuffle is defined for example in [3]. [P2,m] corresponds
to the usual "shuffle" of two packs of m cards (a,b,c, ... m) and
(a',b',c', - * ,m') into (a,a',b,b,',c,c' ....* m,m'). The perfect shuffle [PnmJ
is illustrated in Fig. 1 and corresponds to the symmetric distribution of
n packs ofm cards into m packs of n cards.

(17)
n-2

[BR] = n I[Ik2] [P2n-k-1,2]j.
k=O

[BR] performs a bit-reversal ordering (symmetric permutation)
decomposed into perfect shuffles as done in the fast computa-

[diag[A]] =
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n matrices [B] permutation [Pnml m matrices [A]
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Fig. 1. Fast algorithm for Kronecker product.
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Fig. 2. Sequency reordering by perfect shuffles.

tional procedure of [9]. Therefore, we have

[H,(n)] = [Hh(n)][BR] = [BR][Hh(n)].
(20)[U] = f $[[II] [P2n-k-1,2]][diag[R]]I.

k=O(18)

3) Sequency Ordering: By solving recursive equation (12) we
obtain now

[H.(n)] = [Hh(n)][U] = [U]t [Hh(n)] (19)
with

To the best of our knowledge this unscrambling procedure is new;
we show it for the order 8 in Fig. 2. However, other decomposi-
tions of [U] are known:

1) [U]t = [BI] [BR], where [BI] is a "bit-inversion" permuta-
tion:

Input
vector

t
2
3

m - I

0

2

3
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7
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sequencies in binary
natural ordering indexes

0e 000 * -O

7 ^ < 001 * I1

3 v Ve 010 2

4 t/ t'0t - 3

1 + 100 4

6 ~101 5

2 t°0 6

5 76

[12]®[R4] [R8]
middle bit left bit

bit reversal bit inversion

[BR] [BI]
Fig. 3. Sequency recording by bit reversal and bit inversion.

nz-2
[BI] = -2I UI2kI [R2n-k]}

k=O
(21)

with

Sequency in

Natural Ordering

0
I I

[R.*.]=
3

4

Consecutive transform coefficients with a "1" as kth bit in the
binary representation of-their indices are put in reverse order,
starting from the rightmost bit. With 8 coefficients this un-
scrambling procedure is shown in Fig. 3. This method has been
introduced while establishing relations between the Haar and
WH transforms [8].
We can also organize the reordering [U] in different ways ex-

pressed by the matrix relations

6

2

I i I
LP4,2] I LS81 1[2](S[P2,2 1'I['12S41
Fig. 4.SqecereI I

Fig. 4. Sequency reordering by Bhagavan's method.
[Hw(n)] = [BI][BR][Hh(n)] = [BR][Hh(n)][BI]t, (22)

[Hw(n)] = [Hh(n)][BRI[BI]t = [BI][Hh(n)][BRJ, (23)

which show 4 possible combinations of pre and post ordering.
All these permutations are performed "in place," and in a

systematic way compared with [10].
2) Bhagavan and Polge [11] have proposed an unscrambling

method which can be expressed by the decomposition

[U] = I[iV] @ [[P2,2n-k-1]j[S2n-k] (24)
k=O

with

12k-li

10 11
1 0'
-----v---11 - I
I 'I 1

I I 1°OIf
I 1i

This reordering method is shown in Fig. 4 for the order 8.

FAST ALGORITHMS

It is clear that there is always a permutation matrix which re-
lates WH matrices of different orderings and the matrix approach
gives some insight into the possible choices of pre and/or post
unscrambling procedures. However, each recursive formula gives
directly a fast algorithm by recursive use of Fig. 1.
We have already seen that (5), (7), and (12) lead to a WH in

natural order followed by an appropriate reordering. Similarly
(6), (9), and (14) lead to the inverse algorithms.
The other relations, however, imbed reorderings into the fast

algorithms. For example, relations (13) and (11) give the sequency
ordered transform of [12] (but with a much simpler computation)
and [13]. Simple modifications of (11) and (14) lead to the fast
algorithms of [14] and [15] which need a post or pre bit-reversal
ordering.
The matrix notation we have used emphasized "in place" al-

gorithms followed by perfect shuffles. However, hundreds of al-
gorithms can be developed with questionable interest as some
algorithms already published.

CONCLUSION

We think that the extensive work on basic properties of the
WH transform should now lead to a unified theory and frame-
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work. The matrix approach we have suggested in this note seems
to provide a powerful tool to investigate recursive properties,
reordering and fast algorithms. In particular, alternate ap-
proaches to reordering should result in different speeds for the
WHT algorithms for computers with small core and substantial
auxiliary memory. These computational considerations will not
be pursued in this short note.
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Implications of Charge-Coupled Devices for Pattern
Recognition

E. A. PARRISH, JR., AND E. S. McVEY

Abstract-The use of charge-coupled devices (CCD's) for pat-
tern recognition applications is discussed. In particular, it is sug-
gested that the new CCD technology may satisfy the large memory,
fast processing speed, low cost, small size, and low power require-
ments which could make practical many pattern processing systems
which until now have not been feasible. Specific implementations
are suggested along with estimates of processing times.

I

Index Terms-Charge-coupled devices (CCD's), pattern rec-
ognition systems, transversal filters.
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INTRODUCTION

Bell Laboratories announced the initial discovery of charge-
coupled devices (CCD's) [1]-[3] in May 1970. A CCD is a semi-
conductor component [4] which is capable of storing quantities
of charge and moving them practically intact from one storage
location to another. The quantities of charge represent the
magnitude of signal samples. If the movement takes place at
regular time intervals, a discrete delay line action is achieved. The
addition of signal extraction, weighting, and other manipulations
such as summing yields analog data processing of unique po-
tential. Obviously, CCD's can also be used to process digital
data.
The CCD's belong to the class of components called charge

transfer devices of which the "bucket brigade device" (BBD) [5]
is a member. The BBD is older but of less potential value for
signal processing than the CCD [6]. The CCD's require less fab-
rication processing than other forms of large-scale integration
(LSI).
For an in-depth review, the reader is referred to the several

papers that are available which describe the physical principles
of CCD's, how they are constructed, and details about their op-
erational performance [7]. Briefly, they consist of a substrate of
doped semiconductor material (such as n-type) on which a very
thin layer of insulation is placed. Cells are then formed by de-
positing metal electrodes on the insulating surface. When the
electrodes are biased with respect to the substrate, a potential
well is formed in the semiconductor material. Charge is injected
into the device with a conventional p-n junction (in the case of
n-type substrates). The charge may then be moved between ad-
jacent cells by appropriately pulsing the associated electrodes.
After transfer of charge from a cell, the electrode voltage may be
returned to a quiescent value. The transfer between cells is not
perfect, but it is quite adequate for many applications, having
an efficiency on the order of 0.9999 to 0.99999, i.e., the transfer
inefficiency e is on the order of 10-5 to 10-4 [8]. Thus, a single
packet of charge can be moved through many cell locations
without obtaining significant signal distortion. The e depends
on clock frequency as one would expect. At the present state of
development, operation is usually restricted to less than 10 MHz.
Transfer efficiency is important to analog data processing be-
cause unlike digital processing signal levels may not be reestab-
lished. The thermal generation of electron-hole pairs is a serious
source of distortion, especially at elevated temperatures. This
restricts storage in a cell to times less than 1 s (usually, one or two
orders of magnitude less than 1 s) at room temperature. Storage
time is reduced by a factor of 2 for every 10°C rise in tempera-
ture.
At the present time CCD components for analog signal pro-

cessing are not readily available. However, in the near future it
is likely that component families will become available so it is
appropriate that pattern recognition applications be consid-
ered.

BASIC CCD STRUCTURES
The types of operations performed in pattern recognition

systems to be considered in this correspondence include all kinds
of linear transformations such as correlation, matched filtering,
discrete Fourier and Hadamard transforms, Karhounen-Loeve
expansions, etc. With some peripheral circuitry, these operations
may be implemented by various combinations of the so-called
basic building blocks [9] consisting of the following:

1) serial in/serial out (SI/SO) registers,
2) serial in/parallel out (SI/PO) registers, and
3) parallel in/serial out (PI/SO) registers.

Serial In/Serial Out Register

This is the simplest form of a CCD processor, in which a large
linear array of cells forms a discrete analog shift register or delay
line. This device, shown in Fig. 1-(a), is of limited use in pattern
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